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1 Introduction

In the tool kit of both applied and theoretical economics the basic model of in-
tertemporal utility maximization has always played a special role, at least since
the time of Ramsey. It is fair to say that it constitutes, as of today, the most often
applied instruments of formal analysis both in empirically-oriented and theoretical
areas.

While for most of the 1960s and 1970s the continuous time approach, with the
associated Hamiltonian formalism, seemed to dominate research, in more recent
years economists have concentrated their attention on the discrete-time setup and
Dynamic Programming techniques are more often adopted.

From our standpoint, the major advantage of the Dynamic Programming ap-
proach, besides analytical and computational tractability, is the property that all
the relevant information about the optimal solutions, their dynamic behavior and
their comparative statics and dynamic properties, is summarized in a single mathe-
matical object: the policy function 75 (see below for a formal definition). While the
continuity properties of 75 are well-understood even in the most general framework,
much less is known about its deeper structure (bi-furcational behavior, smooth-
ness, monotonicity, etc.) Indeed, as the results of Boldrin-Montrucchio [1986a, b]
(and Montrucchio [1988] for the continuous-time case) have shown, there are no
restrictions one can impose on the dynamical properties of the policy function, at
least for the general model. One particular issue upon which various researchers
seem to have concentrated their attention is the C!-differentiability of the optimal
policy (see especially Lucas et. al. [1989, Chs. 5 and 6]). Indeed, to know that 75 is
of class C! with respect to both the state variables and the parameters of the model
would prove extremely useful in the study of its bifurcations as well as in proving
comparative statics and dynamic properties. Furthermore, as recently pointed out
in Kehoe et al. [1989], the C'-differentiability of 75 (or, better, the almost equiv-
alent C2-differentiability of the value function W, see Proposition ?? and ?? for
details) is sufficient to guarantee the local uniqueness of equilibria in the standard,
infinite horizon, neoclassical, general equilibrium model with finitely many agents
and production. In this paper we address the question of the C!-differentiability
of 75 within a very general framework. Indeed, it is our perception that none of
the assumptions we make can be significantly weakened without affecting the re-
sult. We provide some examples in this sense in Appendix B. A brief overview
of the relevant literature on this topic seems to be in order here. The first paper
addressing the issue is Araujo and Scheinkman [1977]: they show that when the
global asymptotic turnpike property is satisfied (i.e., all optimal paths converge
to a unique optimal stationary position) then one can invert a certain mapping
(induced by the Eueler equations) acting on the Banach space ¢>°. An application
of the implicit function theorem for Banach spaces then delivers the result. In



Benveniste and Scheinkman [1979] the C'-differentiability of the value function is
proved with respect to the states, but no consideration given to the C'-smoothness
of the policy. Moreover, the method used there does not appear to be extendible
to the study of the C'-differentiability of the value function with respect to param-
eters. Montrucchio [1987] studies the Lipschitz continuity of the policy function
with respect to the state variables: he proves the property to be true under very
mild conditions. The critical one, i.e., strong convexity of the underlying return
function V, is retained here. Unfortunately, his method does not also extend to
the study of the dependence of value and policy functions on the parameter vector.
Two recent papers are more closely related to the present. Araujo [1988] considers
the one-dimensional case: he assumes the policy is monotonically increasing and
derives the C! property by showing it is such at any of its fixed points and then
extending the result globally. The work by Santos [1989] addresses the very same
general model considered here. He uses our same assumptions plus a hypothesis of
global invertibility of the matrix Vis(z, y) of mixed partial derivatives of the return
function, which is instead dispensed with in the present work. The technique of
proof is, nevertheless, quite different from ours: while we study the contraction
property of a certain operator acting on a Banach space, he uses the theory of
invariant manifolds (stable, unstable and center) as developed by dynamical sys-
tem theorists (see especially Hirsch, Pugh and Shub [1977]. By proving that the
graph of the function 75 can be identified, locally, with an invariant manifold, he
is able to use the smoothness of the latter to derive that of the former. It is worth
pointing out that Araujo [1988], Santos [1989], and the present paper have all been
developed independently. Finally, we should mention the work of Blume, Easley
and O’Hara [1982]: they study the stochastic version of the Dynamic Program-
ming problem and prove that the value is C2. Their result depends heavily on
the properties of the stochastic framework and cannot be applied by any means to
the deterministic one. The remainder of this article proceeds as follows. Section 2
illustrates the model and some of its fundamental properties. As they are fairly
well known, they are stated without proof. Boldrin-Montrucchio [1989] can be
consulted for the proofs. In Section 3 we state the problem, derive the operator
which is the central object of study and show that 75 is C* when such an operator
is a contraction. In Section 4 we prove that under our assumption the contraction
property is realized. Section 5 contains brief final comments. The two Appen-
dices are as follows: Appendix A shows that with some algebra, the same result
applies with respect to a parameter vector. This enables us to keep the notation
in the main body of the paper within reasonable bounds. Appendix B provides
counterexamples to the C* property when some of our hypotheses are violated.



2 Model and Assumptions

2.1 Notation

All of our analysis will be conducted in R"™. For vectors z € IR", the norm ||z is
the Euclidean one. For matrices A € M(R™) (the set of all n x n real matrices)
we will adopt the “spectral-norm” ||A| = pp(ATA), where pys(e) is the square
root of the modulus of the largest (in modulus) eigenvalue of AT A. We will also
use (not as a norm) the minimum eigenvalue of a matrix which we denote p,,(e).
When symmetric matrices are used the following convention is adopted: A > B
implies A — B > 0 and it means that (A — B) is a positive definite matrix.

To indicate spaces of functions we wil use the standard C? notation, j =
0,1,---, 80 C°(X;Y), for example, denotes the set of all continuous functions from
X into Y. Range and domain will be reported only when necessary to avoid confu-
sion. For functions f: IR™ — IR we use the prime-notation to denote the gradient-
vector f'(z) and the Hessian-matrix f”(x). For functions: 0: R" — IR™ the
notation DO(x), D?*0(x) etc., will be used to remind us that they are (multi)linear
mappings.

Finally, for functions V: R" x IR" — IR, V;(z), for i = 1,2, will denote the
gradients of first derivatives with respect to the 7th variable and, analogously, V;;,
1,7 = 1,2, denote the matrices of second-order derivatives. For a set X we will
denote with int (X) its interior.

2.2 The Model
We will be studying the problem:

Ws(z) = maXZV(mt, Ty41)0" such that (x4, 2411) € D (P)
t=0
To=x fixedin X

0<o<1
Under the assumptions: (A.1) X C IR"™ is compact and convex, with non-

empty interior; D C X x X is also compact, convex, int (D) # ¢ and
Proj,(D) = X. The correspondence I': X — X defined as graph (I') = D
is continuous. (A.2) V: D — IR is of class C* on D. V(z,y) is strongly

concave, with negative-definite Hessian on D. V' (x, e) is strongly concave for
each z € X, i.e., there exists a real number § > 0 such that |2'Vas(z, y)z| >
||z, holds for all 2,y € X and all z in IR". The existence of an optimal



solution to (P) under (A.1)—(A.2) has been extensively studied and it is a
well-understood problem (see McKenzie [1986]). Let us recall that the value

function Ws(z), defined in (P) as dependent on the initial conditions, is the
unique fixed point of the §-contraction : B: C°(X; R) — C°(X; R):

(1) (Bf)(z) = max [V(z,y) +6f(y)]

yel(z)
where I'(x) = {y € X suchthat (x,y) € D}. Therefore Wy can be
reached starting from any initial condition Wy, just by iterating the operator
B to product the sequence of functions:

(2) WT(':E) = yléll?gc() [V(SE, y) = 5WT—1(y)] T = 17 2a 3a e

In fact Wy — W uniformly with T (see Boldrin-Montrucchio [1989] for
a proof). This simple fact will be used extensively in this paper. To the
sequence of “values” W; induced by (??) we will associate another sequence
of “policy” functions 67 defined as the maps from X into X that satisfy:

)V (@6r(@) + 8Wros (Br()) = max [V(z.y) + SWrs ().
Remark 2.1. Assume that, in (??) above, W, had been chosen to be concave:
the whole sequence of Wr will then be concave in force of (A.2). In fact V(z,e) +
OWr_1(e) will be strictly concave for each z € X, so that the function 6r(x) in
(7?) is well defined and unique. It is also continuous, as it may be seen by applying
the Maximum Lemma.

Remark 2.2. The fact that the value functions W; converges formly to the fixed
point W of (??) also implies that the associated 01 converges uniformly to
a continuous function 75: X — X, which is defined implicitly by:

(4) V (2, 75(z)) + 8Ws (76(w)) = max [V(z,y) + 8Ws(y)]

For a proof of this fact one may consult Boldrin-Montrucchio [1989]. The func-
tion 75 defined in (?7?) is named the optimal policy for the infinite horizon
problem (P). Our strategy can now be easily described. We want to find suf-

ficient conditions on (P) that will enable us to show that the value function
Ws: X — IR, defined as the fixed point of B: C°(X; R) — C°(X; R):

(5) Ws(z) = max [V(z,y) + 0W;s(y)]

y€el'(z)

is of class C*(X; R) when (A.1)—(A.2) and (A.3) (see below) are satisfied.
It is intuitive, and it will be shown rigorously later on, that under our
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conditions this is equivalent to the policy function 75 to be of class C*(X; X).
Clearly this cannot be always the case if 75 is not “interior.” We assume
therefore:  (A.3) If 75 solves (??) then 75(z) € int (I'(z)) for all z € X

and for all § € (0,1). In order to talk about C?-differentiability of W;

one obviously needs to prove first that Wj is at least C'. This is the well-
known result of Benveniste and Scheinkman [1979], which in fact holds under
conditions much weaker than (A.1)-(A.3). We report it here without proof.

Proposition 2.1. Under the maintained hypothesis the value function Wy(z) is
of class C' on X and W{(z) = Vi (z,75(x)) for all z € X.

Remark 2.3. If 75(z) satisfies (A.3) and V satisfies (A.2), then 75(x) is Lipschitz
continuous and V; (z, 75(z)) is also Lipschitz continuous (see Montruchhio
[1987]). This implies, from Proposition ?? that W{(z) is also Lipschitz
continuous.

Remark 2.4. The method of Benveniste and Scneinkman [1979] unfortunately
cannot be used to show that Ws(x,w) is also C! with respect to the vector
of parameters w. We provide an alterante proof below using a method that
extends to the parameters as well.

We will now address formally the relation between W5 € C? and 75 € C*.

Proposition 2.2. If V is of class C? and 75 satisfies (A.3), then 75(x) differentiable
at xo implies that Wi(z) is twice differentiable at x.

Proof. From Proposition ??: W{(z) = Vi (z,75(z)) for all x in a neighborhood of
xo, because 75 is continuous. Then, if 75(z) is differentiable at xy, W{(x) will be
differentiable at xy and:

Wé’(.ﬁb‘o) = ‘/11 (iUo, 7'5(170)) + ‘/12 (.’L‘(), 7'5(170)) DT5(.’L‘0).
]

While Proposition ?? has been proven under a hypothesis much weaker than (A.2)
(i.e., strong concavity is not used) we need to introduce strong concavity to
prove the reverse implications.

Proposition 2.3. Under the hypotheses (A.1), (A.3) and the weak form of (A.2)
given by: —V is of class C? and V(z,e) is (3-concave, then: if Wj(z) is of class
C? around 3 € X then 75(z) is of class C! around .



Proof. From the Bellman equation we have:
Va (@, 75(x)) + 6Ws (15(x)) = 0

which defines 75 implicitly for x in a neighborhood of xy. The implicit function
theorem shows that 75(x) is differentiable at g if [Vao (z, 7s(x)) + OW{ (15(x))] is
invertible at xy. B-concavity of V implies that all the eigenvalues of Vay (0, 75, (20))
are strictly negative and the matrix above is therefore invertible. One may easily
compute that

Drs(0) = — [Vaz (w0, 75, (z0)) + 8W (7s(0))] ™ Vax (w0, 75(0)) -
O

Remark 2.5. Some of the hypotheses used in Proposition ?? can be weakened if
7s is locally invertible (see Boldrin-Montrucchio [1989]). The hypothesis of
[-concavity on V(x,e) cannot be eliminated: when it is violated one can
give examples where V' and W are of class C? but 75 is not differentiable
(see Appendix B of this paper).

Finally we have:

Corollary 2.1. Under the maintained hypothesis if W;(z) is of class C? at x € X
one has:

Wy (z) = Vi (2, 75(2)) = Viz (2, 76(2)) [Vas (2, 75(2)) + 6W5 (75())] " Vau (2, 75(2))

3 A Preliminary Theorem

Suppose now that an initial function Wy is chosen such that all the iterates Wrp
induced by (?7?) are of class C? and the associated 67 are interior to D. A simple
convergence argument will show that when the continuous functions W7 converge,
they converge to Wy, which is continuous itself. This basic intuition will be ex-
ploited in Section 4. We begin by showing that an appropriate initial condition
Wy can be chosen.

LEMMA 3.1. Let Ws: X — IR be as defined in (??) under (A.1)—(A.3). Then
there exists Wy € C%(X; IR) close enough to W in the C%-topology so that all the
Or induced by, (??) are interior.

Proof. Denote with CN'O(D; IR) the space of all continuous, strictly concave functions
from D into the real numbers. Then the map J: C°(D; R) — C°(X; X) defined
as:

J(U) = 6(x) = Arg Max [U(x,y);y € ['(x)]
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is continuous, (see, e.g., Boldrin and Montrucchio [1989], Ch. 2). As 75 is interior
and it satisfies J(V + 6W;) = 75, and X is compact, it is possible to find a ¢ > 0
such that:

O(z) =J(V +6f)
is also interior for any continuous and concave function f: X — IR, such that
|f — Ws|| < o. The density of C¥(X;R) in C°(X;R) for k > 1, guarantees
that we can pick a W, € C2(X;R) such that |Wy — W|| < o. Therefore by
repeated applications of the é-contraction operator B defined in (??) we obtain
Wy —Ws|| <éTo <o, T=1,2,.... As O = J(V + §Wr) we conclude that it is
interior for all T'=1,2,.... O

LEMMA 3.2. Under (A.1)—(A.3) for W, chosen so as to satisfy Lemma (?7?),
then all the Wy defined in (??) belongs to C2(X; R) and all the 67 defined in (2?)
belongs to C'(X; R). Moreover, the first derivatives of the f7’s and the second
derivatives of the Wr’s (as linear maps from IR™ into itself) can be computed
recursively as

(6) Dr(z) = —Ly2, (z,0r(x)) @ Var (2, 07())

(1) Wi(e) = Vi (z,0r(z)) = Viz (2, 0r(2)) Lz, (2,07(2)) Vo (2, 0r(2))

where
LT—1($;?J) = V22($7y) + 5W¥,1(y).

Proof. Tt is easily obtained by induction. We have assumed W, € C?. Let us
show that when Wz_; is C? then Wr is also C? and 67 is C*'. From (?77)-(?77),
the (strong) concavity of V(x,y) +6Wr_1(y) and the interiority of 61 (z) it follows
that the first order condition:

(8) Va (@,0r(z)) + 6Wr_y (0r(z)) =0

must be satisfied. That 67 is C* follows then from the implicit function theorem.
In fact (??) is readily obtained by applying such theorem to the implicit function
(??) and noticing that Vi (z, 0r(z)) + W/ _, (0r(x)) is invertible in force of the
strong concavity of V(x,e), (A.2)). Furthermore:

WT(QI) =V (il?, 9T<SC)) + (sWT,l <9T($)) s

so that Wz is C? and: W}(x) = Vi (x,07(x)). The main Hessian matrix W7 (z)
can again be computed by differentiating the equality above and using (?7?). O



It is now simple to prove:

Theorem 3.1. Under the assumptions (A.1)-(A.3) if the sequence {W}}7_, de-
fined in (??) converges uniformly one has: C° — limy_o, Wj = W/} and C° —
limy o, D07 = Dts. Therefore Ws € C? and 75 € C*.

Proof. We know that Wr — W uniformly with 7" — oco. We also that Wj.(x) =
Vi (x,0r(x)) for all T. Therefore:
lim Wy (z) = Tlim Vi (z,0r(x)) = Vi (2, 75(x)) = ().

T—o00

A well known approximation theorem (see Dieudonné [1969], #8.6.3) then implies
that U(z) = Wi(z) = limWi(z) = Vi (z,75(x)). (This is an alternative proof
of the result of Benveniste-Scheinkman [1979].) We can now proceed with the
second order derivatives. As {W7},_, is converging uniformly we obviously have:
Wi — Wi uniformly with 7', and also:

W7 — d(x) € C° (X; M(R"))
uniformly as T" — o0o. Again the same approximation result quoted above implies:

b(z) = dq;;x) = W/ (z) = C° — lim W/(x).

This implies that limy_,., W} exists, is continuous and equal to Wy'. The result for
the policy functions 67 and 75 is then a straightforward consequence of (??7). O

4 A More General Approach

The theorem proved in Section 3 is our starting pont. We have shown that we
need to prove that the sequence {W7}7_, defined in (??) converges uniformly
on X in order to guarantee that W5 € C? and 75 € C'. We will now try to
understand if this is always the case under the sole hypotheses (A.1)—(A.3) or not.
Let C°(X;S~(IR")) denote the space of all continuous functions ¢ from X into
the set of all n x n, symmetric, negative-definite real matrices. The topology on
C° (X;S~(IR™)) is, once again, the one induced by the sup norm. Then equation
(?77) of Section 3 can be interpreted as defining the operator fr: C° (X; S~ (R")) —
C°(X; S~ (IR™)) as

(9 (fro)(@) = Vi (2, 0r(2)) = Viz (2, 0r(x)) Ly (z,00(2)) Var (2, 0r(2))

where: Lg(z,y) = Vao(z,y) + 64(y). The sequence {Wj'};_, can therefore be
expressed as W7 = fr(W7r_,). By analogy we can define also the operator

foo: CY(X; S~ (IR™)) — C°(X; S~ (IR")) as:
(10)  (fxd)() = Vi1 (2, 75(2)) — Viz (2, 75(2)) Ly " (2, 75(2)) Vau (2, 75(2)) -



LEMMA 4.1. The operators f; and f,, are well defined from C° (X;S~(IR"))
into itself.

Proof. We consider only f, a similar argument holds for fr. Write foo(¢) as:
Vi1 — Via(Vaa + 8¢) Va1 to economize on notation. Hypothesis (A.3) implies Vg <
—0I and so Vag+6¢ < BI for any ¢ € S™(IR"™). Vas+ 6¢ is therefore invertible and
foo(@) is well defined. We need to show that (f.¢)(x) € C° (X;S~(IR™)). Notice
that Vi1 —Vis \/'251‘/21 < 0 follows from the assumption of concavity of V. Hence, for
¢ € ST(IR"), we have: Vay + 6¢ < Vay < —BI, which implies Vi,' < (Vay + 5¢)71
and, in turn, VisVy' Var < Vig(Vag + 5(;5)_1‘/21. Therefore:

0> Vip — ViaViy' Va1 > Vig — Via(Vag + 5¢)_1V21 = fo(9)
]

LEMMA 4.2. Let S C B be a closed subset of a Banach space B and Fi,,: S — S
a mapping which is a contraction over S. Consider a sequence {f,} -, of maps
fn: S — S that converges uniformly to f,, on S. Then the iterative system:
Ty = fu(x,_1) converges, for any given xy € S, to the fixed point z,, of fu.

Proof. Let a € [0,1) be the contractive factor for fu, i.e., ||foo(z1) — fool(z2)| <
allxy — xs|| V1,29 € S. Then for given € > 0 we can find N = N(e) such that:
| fu(z)— foo(z)]] < €(1—a)/2holds for allm > N and all x € S. Therefore: ||zyy1—
Tool| = [[fni1(zn) = foolToo) | < Ifnvr1(zn) — foo(Zn) + foo(Zn) — foo(Too)|| <
€(1 —a)/2 + af|zy — x»l||- From the latter, by iteration of fy, it is easy to see
that:

280 = Too|| <

e(l—a
2

€
)(1+a+a2+' " N+ |ry —Too|| < §+a”|\xN—:coo||.

As o"'||xy —xoo|| — 0 when n — oo, there exists an ng(€) such that o ||zy — s || <
€/2 for n > ng(€). In conclusion for any € > 0 we have that for m > N(€) + ng(e):

€ _
e = @acll < l2xsimom) — Tooll < =+ 0™ Vo - aucl| < e
2

a

LEMMA 4.3. Let {f,}.2, and f satisfy the same hypotheses as in Lemma ??.
Assume furthermore that: (a) f is uniformly continuous on S; and (b) there
exists an integer N > 1 such that f is a contraction, i.e., |[fXN(z1) — f¥ ()] <
al|zy — xof| for a € [0,1) where fY denotes the Nth iterate of f,. Under these
conditions the sequence x,, — f(x,_1) converges uniformly to the unique fixed
point z,, of fu.
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Proof. That f, still has a unique fixed point is a well known property (see, e.g.,
Kolmogorov-Fomin [1970, pp. 70]). We want to use Lemma ?7 in order to show
that the iterative system z,, = (fn,®f,_10 - -®f,_ni1)(2n_n), (here the symbol e de-
notes composition of mappings) with initial conditions [z, fi(zo), f2 ® fi(z0), ... ,
fn_10 fy_oe-- e fi(xg)], satisfies lim,, .o 2, = Zoo. In order to do so we need to
prove that, for any integer & > 1, the sequence of maps {f, ® f,_1®---® f,_j 1}~
converges uniformly to f*  under the hypothesis of this lemma. As the above prop-
erty is satisfied by assumption when k = 1, let us show that, if it is satisfied for
some k, then it holds also for k£ + 1. Indeed,

[ fo® (faore- - o fu) (@) = oo £5)(@)]]

=fno(fa-10- 0 fop(x) = foo(fn-1 @ 0 fop)(z)
+ foo(fam1 0+ @ fui)(x) = foo(f5) (@)
<[ fno(fa-r @0 frop(z) = foo(frz @@ foi(z)l
+ [ foo @ (fam1 @ fai(@) = foo () ().
From the uniform continuity of f., and the induction hypothesis we know that
for any € > 0 there exists ng, such that for n > ny the last two terms of the
above inequality are less than €/2. Therefore: ||f, ® - e f, (z) — fEl(z)| < e

which proves the uniform convergence for all k. Choosing £k = N the hypothesis
of Lemma 77 will be satisfied and the result follows. O

Now we can prove:

Theorem 4.1. The value function Wy defined in (??) is of class C? if there exists
an integer N such that the Nth iterate of f., defined in (??) is a contraction
mapping on C° (X; S~ (IR")).

Proof. We need only to apply Lemma ?? to the iterative system W7 = fr(W/_,)
defined in (??) and to f as defined in (??). Recall that 67 — 75 uniformly
with 7" and that X is compact: therefore fr — fo uniformly. We need only to
check that f. is uniformly continuous on C° (X;S~(IR")). For any ¢; and ¢, in
C° (X; 57 (IR")) we can compute:

(Foo®1) () = (footb2) ()
= 8VialVoo 4 8¢a] ! 61 (r(x)) — 2 (7(@))] » [Vio + 86n] V.

Define L = sup ||Vi2(z,9)|, (z,y) € D, taking norms and rearranging the latter
equation we have:

1) — Foo(do)l] < 6(%) 161 — dll.

11



This shows that f., is Lipschitz and, therefore, uniformly continuous. By Lemma
?? this implies that W/ converges uniformly to the unique fixed point of f,, when
the latter satisfies the assumptions of this theorem. By the same argument used
in the proof of Theorem ?7 this will imply that Ws € C?. d

The theorem just proved reduces our problem to the contractivity of some finite,
iteration of the operator f,. The strong concavity hypothesis (A.2) implies that
there exists a real number & > 0 such that for all 0 < o < @, all h € IR™ and all
(x,y) € D the following inequality holds:

(11) W Viy = Via Vi 'Vaalh < —a |A|”
The latter implies, in particular, that for any real number 4 > 0 we have:
(12) —al > Viy = ViaVig'Var > Viy = Vig(Vap — )™ Vi,

where [ is the identity matrix and we remind the reader that for symmetric ma-
trices A, B the notation A > B means A — B is positive definite. From (?7) it is
easy to define the continuous real valued function ¢: Ry — IR, as:

(13) ¥(p) =sup{a >0 such that (??) holds for all h € R"}
where
(14) W [Vir — Via(Vae — pI) "'V | b < —a| 1|

Remark 4.1. The function ¢ was first introduced in Montrucchio [1987] and
named “the t-transform” (of the concave real valued function V). The reader
is referred to that paper and to Bodrin-Montrucchio [1989] for a proper account of
the properties of ¥. Here we recall only that: 1(0) = & and that 1 is increasing,
continuous, concave and bounded from above by p,,(Vi1). This implies, in turn,
that v certainly has one and only one strictly positive fixed point whenever a > 0.

For given ¢ € [0,1) consider now the equality:
(15) Y(ba) = a.

This also has one and only one solution o*(8) > @ which satisfies a*(0) = @ and
is increasing in 0.

Definition 4.1. For any a > 0 let S~ (a) C S™(IR"™) be the closed subset of those
n x n matrices A such that B’ Ah < —a/||h||* holds for all h € IR™.

LEMMA 4.4. Under (A.1),(A.2), (A.3), and for given 6 € (0,1) the operator fu
maps the space C° (X; S~ («)) into itself for any given a € [0, a*(6)].

12



Proof. Let ¢ be given in (0,1) and a*(6) be defined as in (??) above. Notice that
¥(6a) > a > 0 holds for our choice of a. Then ¢ € C°(X;S™(a)) implies that:
8¢ > —bal, hence (Voo + (5qz5)_1 > (Voo — 6a])_1 and furthermore:

Vip — Via(Vag + 6¢) ' Vay < Vi — Vip(Vag — 6ad) ™'V

as V11 is negative definite. The left hand side of the last inequality is fo.(¢) and
so we can conclude that:

foo(9) < Y(ba)] < —al

in force of (??), (?7) and the initial observation. O
LEMMA 4.5. Under (A.1), (A.2), and (A.3), and for given 6 € (0,1) the norm
of:

Ly (x) = [Vao (z, 7(2)) + 60 (r(2))]
satisfies: || L, ()| < [+ Sa*(6)] " for all ¢ € C° (X; S~ (a*(6))).

Proof. 1t follows at once from the Lemma above and the following observation:
1L (@)l = par (L (%)) = [pm (Lo(2))]

On the other hand, |2/Ly(z)z| > [B+ 6a*(6)]|2||* for all z € IR™ because of
Lemma ?7?. The latter inequality says that the minimum eigenvalue of Ly(x) is,
in modulus, larger than § + 6a*(6) from which the result follows. O

LEMMA 4.6. Under the hypothesis (A.1), (A.2) and (A.3), the operator f is a
contraction from the closed subspace C° (X; S~ (a*(8))) into itself for all § € (0,1)
that satisfy the relation:

SL*
<1
16+ b6a*(6)]
Proof. With the same technique used in the proof of Theorem ?7? one can compute
that, for any pair ¢, ¢ in C°(X;S™ (a*(8))) we have:

SL?

[ foo (1) = fool2)|| < m |1 — @2

(16)

All this can no be properly summarized in

Theorem 4.2. Under the hypothesis (A.1), (A.2), and (A.3) the value function
Ws: X — IR defined in (P) is of class C? for all the values of § € [0,1) such that
SL? < [B+ 6ax(8)]%.

Proof. Tt follows from Lemma 7?7 and Theorem ?7. O

TO BE COMPLETED
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5 Conclusions

TO BE COMPLETED
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A Dependence on Parameters

The problem in this case is:

(Pw)

under:

(A.lw)

Ws(z;w) = maXZV(xt,xtH;w)ét such that (x4, 2401) € D

t=0

w € Q C IR™, convex and compact. (A.2w) D=DxQc R x R™

where D is as in (A.1) of Section 2, and I',: X — X is continuous for
alw € Q. (A3w) V:D — IRis of class C2 on D. V(e e;w) is

strongly concave (as defined in (A.2)) for every w € Q. Also: V(z, e;w)
is #-concave for every X € X, w € (.

Remark A.1. In certain cases (welfare weights) we may add the hypothesis that
V is indeed convex in w.

The Bellman operator now maps C°(X x ; IR) into itself, i.e.,

(A.1)

(Bf)(z;w) = max {V(z, y;w) +6f(y;w)}-

yel'(z

For any w € Q Lemma ?7? still holds, i.e., we can pick Wy(x;w) such that the
sequence Wr(e,w) — W;(e, w) uniformly and maintaining all the 0 (e;w) interior.
It is obvious that the fixed point W; of B is still continuous over X x €); the same
is true for 75 which is now defined as:

Ws(z;w) =V (z,7(z;w);w) + 6Ws (1(z;0); w) .

Obviously Or(e;w) — 7s(e;w) uniformly. The interiority hypothesis
is now: (A.dw) For any w € Q, for all z € X and all § € (0,1) :

7s(z;w) € int (I, (z)). Retaining notation from the main text we define:
Lyt (2, y;w) = [Vaa (@, y;w) + 6D Wy (y;w)] ™

Some tedious algebra (given at the end of this Appendix) gives the
following representation for the first and second order derivatives of
the {07, Wr};_,. (N.B.: The V;; are here evaluated at (z,0r(z;w);w)
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whereas the D;;Wr_; are evaluated at (07(z;w);w).

(A.2)

DOr(z;w) = [D161(z;w); Dobr(z;w)] = —L}il [Var; Vag + 6 D1oWip_4]
(A.3)

DiWry(z;w) = Vi (z, 0r(z,w); w)

(A4)

DoWr(z;w) = Vs (2,07 (w,w);w) + 6 DaWr_y (Op(x;w);w)
(A.5)

DyWr(z;w) = Vig — Via L' Vay

(A.6)

DyyWr(z;w) = Viz — VigLpt | (Vag + 6D1aWr 1)

(A.7)

Doy Wr(z;w) = Vay — (Vag + 8Dy Wy 1) L' Vay

(A.8)

DooWr(s;w) = Vag + 6 DoagWrp_y — (Vaz + 6D21WT—1)L1_“11(V23 + 6D1sWr_q)
To begin with we can establish:

LEMMA A.1. Under our assumptions (in fact much less) the value function is
C! with respect to both z and w.

Proof. From (??) we can, in analogy with (??) of Section 4, define the sequence
of operator gr: C%(X x Q; R™) — C°(X x Q; IR™) as

(gry)(z,w) = Vs (2, 0r(z, w);w) + 8¢ (Or(2, w); )
and their uniform limit go.: C°(X x Q; R™) — C°(X x Q; R™) as

(9oo®) (2, w) = V3 (2, 75(7, w); w) + 8P (15(7, w); W) -

That they are both well defined from C°(X x ;R™) into itself and that gr
converges uniformly to g it is easy to check. Now C%(X x Q; IR™) is also a Banach
space in the sup norm and it is immediate to see that g, is a é-contraction on
it. Using Lemma 7?7 we can deduce that DyW7; will converge to the unique fixed
point of g... The same approximation theorem used in Theorem ?? above gives

the desired conclusion. That W is C! with respect to = has already been proved
there. O
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“Historical Remark”: From conversations with José Scheinkman we discovered
that he has been using (for at least ten years) the very same argument to prove
this result during his class lectures at the University of Chicago. In fact, he
pointed out to us that also in this instance the limit-operator argument was
much more precise, neat and powerful than a recursive argument (reduce DyWr

to Z Va (X, 0r_1(z,w),w) 8" + 6T DyWr_; and then take limits as T — o) we

had been using before. The right hand sides of (??)—(??) can be shown to con-
verge (with 7' — o0) to four matrix-operators for the very same reasons for which
fr — feo in Section 4. As (?77) and ??) are clearly one the transpose of the other
we will concern ourselves with (??) only. Now from (??) we can derive the well

known: fo: C%(X x Q; 5™ (a*(8))) — C° (X x ;5™ (a*(6))). Using (??) we can
also prove:
LEMMA A.2. Assume ¢ € C°(X;S™ (a*(6))) for given § € [0,1). Define with:
f2: 00X xQ;M(nxm)) — C°(X xQ;M(nxm)) (where M(n x m) is the
space of all the n x m real matrices) the operator:
(folon)<x>w) = Vi3 (ZL', 7-5(:57 (,U); CU) — Vi ('T? 7—5('777 w); w) Lq_bl(xa w)
- [Vas (x, 7s(z, w); w) + M (15(z, w), w)] .

The sequence {Mg};?:o in C%(X x Q; M(n x m)) obtained by iterating f12 con
verges to a unique M, € C°(X x Q; M(N x m)) whenever the discount factor
satisfies: 0L < B+ 6a*(9).

Proof. Given an initial condition Wy € C?(X x Q; IR) the Tth component of the
sequence M T" can be written as:

T—

Z (=6Vi2L") (Vis — Via Ly 'Vas) £ (6Via L") DiaWy

i=0
(everything is obviously evaluated at (x,w) or (z,7(z,w);w) (the algebra is again
at the end of the Appendix). By the usual technique we can estimate the largest
eigenvalue of (‘5V12L;1 to be bounded, in modulus, by §L[3 + 6a*(6)]"". The con-
clusion then follows. O

As an immediate consequence we have:

Corollary A.1. Assume Dy Wy € Cy (X x ;5™ (a*(6))) exists for given 6. Then
also DisWis(x,w) (and its transpose Doy Ws(z,w) exist under the conditions of
Lemma ?? as continuous functions from X x Q into M (n x m). More precisely we
have:

_17—1 _
D1y Ws = [I 4 6Via(Vag + 6DuWs) '] [Vig — Via(Vao + 6D W) ™ Vag] -
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Finally we can take up (??). At this point it is easy to see that if D1;W; exists
then the right hand side of (??) can be reduced (through uniform converge in T')
to a new operator: f22: C%(X x Q; M(n x n)) — C°(X x Q; M(n x n)) which is
defined as

(A.9) (f2M)(z,w) =
Vag + M — (Vay 4 6Dy W) (Vag + 6 D13 W)~ (Vag + 6 D15 W)

where the functions on the right hand side are evaluated as follows: V;; = Vi; (z, 75(z, w); w),
M = M (15(z,w);w), DijWs = D;jWs (T(z,w);w). We have:

LEMMA A.3. The operator f22 from C°(X x Q; M(n x n)) into itself is a con-

traction.

Proof. That f2 is well defined from C° (X x Q; M(n x n)) into itself should be
clear by construction. That it is a contraction can be seen by taking any pair M?*,
M? € C°(X x Q; M(n x 7)) and computing:

720" = 202 < M = |

Our discussion can therefore be concluded with:

Theorem A.1. Under the hypotheses (A.1), (A.2*) and (A.3) the value function
W is of class C?(X x €; IR) if the discount factor satisfies the following:

§L* < min {[8 + 8a*(6)], [B + 6a"6]*} .

Proof. By appropriately normalizing units we can have L = sup, ,yep ||Vi2|l > 1.
Then L? > [. The conclusion then follows from Theorem ?? in the main text,
Lemma ?? and the Corollary to Lemma ?7?. O

The Algebra of (P,): The first order conditions at state 1" are:

Va (@, 0r(z,w);w) + 6D Wy (Or(z, w);w) =0
reR", welR™, 0:IR"xIR"™— IR".
Denote with:
z=(r,w)e R F:R"™ x R*"— R"
F(z,0(2))=0 < FOCs.
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Then:
D,F (2,0(2)) = [Var; Vaz + 6 D1oWr_4q]: R*™ — R"
DyF (2,0(2)) = [Vag + 6D11Wr_q]: R" — IR"
D.0(z) = [D10; Do6]: R™™ — R™.

We write: D,F(e,0)+ DyF(e,0)D,0(e) =0, which is:

[Var; Vag + 0 D1oWr_1]| + [Vag + 6 D11 Wr_1|[D167; Dofr| = 0.

Now: [V + 5D11WT_1]_1 exists for the strong concavity assumption. Therefore:

(D107 (2); Dabr(2)] = —[Vao +5D11WT,1]_1[V21;V23 + 6D12Wr_4]. Use the nota-
tion: L', = [Vao + 6D11WT,1]_1 to get:
Di0r(z,w) = — Lt [Vai] Dobr(z,w) = — Lt [Vas + 6 D1oWr_ ).
From totally differentiating: Wy (z,w) = V (z;07(z,w);w) + Wr_ (Or(z,w); w)
and applying the “envelope theorem” we get:
D, Wr(z) = [DiWr; DoWr| = [Vi; Vs + 6 DoWr_q].

Once again we need to take the derivative of D,Wr(z) with respect to the all
z = (z,w). This will give
DuWr DiWr

D, W =
A T

[ Vi1 + Via D107 Vis + Vie Dobp
= | Va1 4+ (Voo + 0Dy Wr_1)D10r Viz + 6 DousWrp_4
+(Vag 4+ 6 Doy Wy _1) Doy

By substituting in the value of D,f; found above, we can see that:
Dy\Wy = Vi — Vig Lzt Vay,
D1oWr = Viz — VigL' | (Vag + 6 D1oWy_ 1) = transpose of Dy W,
DoyWr = Vag 4 6 DooWr_y — (Vaz 4+ 6 Doy Wyp_1) Lyt (Vag + 6D1oWr_y).

21



The first one (i.e., D11 Wr) is obtained by the usual sequence of operator { fr},_,.
We know they converge uniformly to f.,, so that reduces to the well known map-

ping:
(foo®)(z,w) = [Vi1 — Vio Ly ' Var ] (2, w).

With respect to D1oWr we can compute (set L;l =L Y:

DiuyWr =Vig — Vo L™ (Vas +6 (Vig — Vis L™ (Vaz + 6D1sWr_s)))
= [I = 8ViaL™][Vis — Va2 L™ Vay|
+ Vi L™ 'WVia L [Vig — Vis L™ (Vag + 6 D12 Wr_3))]
= [I = Vi L™ + 6*Vio L 'WVip LY [Vig — Vi L™V
— Vi L™ WVio L™ Wia L D1y Wy,

Let’s simplify notation! VioL™! = A (n x n matrix); Viz — Vis L™ Va3 = B(n x n).
Then we have (by recursive substitution):

T-1
DyyWr =Y (—6A)'B + (§A)" D1sWy.

=0

Therefore if the matrix power ((5VIQL_1)T — 0 as T" — +o00 our sequence will
converge. It is easy to see that pp(6VieL™Y) = ||6Vie L7 < 68||Vio|| IL7Y)] <
SL-[3 + 6a*(6)]". Therefore the sequence will converge as long as §L < 3+ 8a*(6)
is satisfied. The previous argument provides the proof to ??7. We have taken
explicit limits here in order to compute D12Ws in terms of V;; and D13 W (see the
Corollary to Lemma ?7?). To show that f12 is a contraction one may simply check
that:
LF2M = F2M2) < Vi | MY — M2

for any pair M*', M? in C°(X x Q; M(n x m)).
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B Some Examples

Example 1: Let V(z,y) be equal to —4z?y+4xy—1/2y*— R/2x? X = [0, 1] and
D = XxX. It is certainly concave for R > 16, and () is equal to R—16(1 + ).
Also we have that V(e,y) is R-concave for all y € [0,1] and V(x,e) is 1-concave
for all x € [0,1]. Finally L = sup|Cis| = 4. This V produces chaotic 7 for small
8’s. From setting ¢(da) a and taking the positive root we get:

ot (6) = [Ré — 1+ (1+ R%2 +2R6 — 645)1/2} (26)°".
Now [ + 6a*(8)]* > 6L? reduces to:
2
648 < [1 + RS+ (1+ R26% + 2R6 — 645)1/2] .
The term (1 + R25% + 2R6 — 646) is always nonnegative for § € [0,1] and R > 16.
But then (1 4+ R6)* —646 > 0 would suffice, which is always true as long as R > 16,
i.e., as long as V is strongly concave. One may not assume that if the criterion
§L? / 3% < 1 (see Theorem ??) had to be applied here we would get the result only

for 6 € [0,.0625]! This function V' also satisfied the requirements for smoothness
with respect to parameters (see Appendix C). Example 2:
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